Formal Semantics

Two approaches:

e Operational semantics reasons about executions of programs on abstract
machines

e Denotational semantics reasons about meanings (denotations) of programs
Typical uses

e Very concise and precise language definition

e Direct guide to implementor

e Prove things like “well-typed programs don’t go wrong”



Denotational Semantics

Find a mathematical object to correspond to every
e program
e statement
e expression

(A big hammer: use all mathematics for proofs.)
Also:

e Very close to compiler
“syntax-directed translation”)

o Corresponds to definitional interpreter
In addition to other benefits, may generate implementation from semantics!



Foundations

Complete lattices = partial order C with:
e Bottom element 1 C z for all 2

e Ascending chain a; C ap C ag - - - has least upper bound U{a;}
“least” upper bound makes fewest assumptions

Well-behaved functions are:
e monotonic: V&, y, ¢ C y implies f(z) C f(y)
o continuous: f(U{a;}) = U{f(a;)}

A function f is strict iff f(L) = L.



Fixed points
A monotonic, continuous function has a fixed point.
e | C f(L) because L C z for all =

e By previous, monotonicity, f(L) C f(f(L))
(Apply f to both sides)

e LEF(HEFFL)EFFFWL)E--

is an ascending chain.

e Then F = U{f¥)(1)} is the least fired point of f (exploit continuity):

FF) =f{FOL} =u{fFO L)} ={f O (L)} =F



Function Domains

Let A — B be the set of total, monotonic,
continuous functions from A to B.
We can define functions in A — B recursively.



Straight-line programs

Types:
V = 1Int
Ide
c:8 = Ide—V
Exp = S—>V
Stm = S— 8§
Functions:

plus : (VxV)—>V
update : (SxIdex V)— S
7 : ID— Ide
N : NUM— V
£ : exp— Exp
S : stm— Stm

Grammar rules and semantic equations:
stm = ID := exp S[stmg]o = update(o, Z[ID], E[exp,]o)
stm = stm ; stm S[stmgllo = S[stmz](S[stm1]o)

exp = NUM Elexpglo = N[NUM]

exp = ID Elexpgy]o = o(Z]ID])

exp = exp + exp &[exp,]o = plus(E[exp, o, E[exp,]o)
exp = (exp ) Efexp,] = Efexp,]



Locations and Environments

Types:

V =
Ide =
l:L =
p: Env =
c:8 =
Ezp =
Stm =

New idea: mutation (assignment)

Functions:

plus
upds
upde
A
next

o

VoI

(V x

Int

Identifiers
Locations

Ide — L

L—-V
Env—>S—>V
Env—-L—>S—S

V)=V

(SxLx V)= S

(Env

x Ide x L) — Env

L
L— L
S

Env

Env = upde(po,Z(Answer), ly)
ID — Ide

NUM — V

exp — Exp

stm — Stm

prog — V

Grammar rules and semantic equations:
Plprogy] = S[stmy]p1(next ky)oolo

prog = stm
stm = ID := exp

S

stm= { VAR ID ; stm } S

stm = stm ; stm

exp = NUM

exp = ID

exp = exp + exp
exp = ( exp )

S

stmg
stmg
stmg

exp,
exp,
exp,

n th O Oy

exp,

plo = upds(c, p(Z[ID]), £[exp,]po)

plo = S[stm1](upde(p,Z[ID],1))(next l)o
plo = S[stma]pl(S[stmy]plo)

po = N[NUM]

0o = o(p(Z[D]))

po = plus(€[exp,]po, £[exp,]po)

= E[exp,]



Left and Right Values
Types:

Vv

Ide

l: L

p: Env
c: 8
RExp
LExp
Stm

New idea: assignable expressions

Int

Identifiers
Locations

Ide — L

L—-V
Env—>S—>V
Env—>S—>L
Env>L—S— S

((if p then x else y) := 0)
(Icon has this feature) Functions:
plus (VxV)=>V
upds (SXLxV)—= S
upde (Env x Ide x L) — Env
b : L
next L—L
0o S
Po Env
p1 Env = upde(po,Z(Answer), ly)
T ID — Ide
N : NUM— V
R exp - RExp
L exp — LExp
S stm — Stm
P prog —+ V

Grammar rules and semantic equations:

prog = stm

stm = exp := exp
stm= { VAR ID ; stm }
stm = stm ; stm

exp = NUM

exp = ID

exp — exp + exp

exp = IF exp, THEN exp, ELSE exp,

exp = NUM

exp = ID

exp = exp + exp

exp = IF exp, THEN exp, ELSE exp,

Plprog,] = S[stmi]p1(next lo)oolo

S[stmo]plo = upds(c, L[exp, ]po, Rlexp,]po)
S[stmo]ploc = S[stmi](upde(p, Z[ID], next I))(next I)o
S[stmo]ploc = S[stmz]pl(S[stmi]plo)

Rlexpg]po = N[NuM]

Rlexpolpo = o(p(Z[I0]))

Rlexpolpo = plus(R[exp; Joo, Rlexp,]po)
Rlexpolpo = ifaz(Rlexp, Ipo, Rlexp, o0, Rexpaloe)
Lexpy]po = wrong

L[expo]po = p(Z]ID])
Llexpy]po = wrong
£l

expglpo = ifnz(R[exp, Jpo, Llexp,]po, Llexpylpo)



Control Flow
Types:

Ide
c: S
Exp
Stm

Functions:

plus
update

ifnz

Bt 2N

Int

Ide -V
S—-V
S— S

(VxV)=>V
(SxIdex V)— S
(VxS8SxS8)—= S

ID — Ide
NUM —» V

exp =+ Exp
stm — Stm

Grammar rules and semantic equations:

stm = ID := exp
stm = stm ; stm

stm = IF exp THEN stm ELSE stm S

stm = WHILE exp DO stm
stm = skip

exp = NUM

exp = ID

exp = exp + exp
exp = ( exp )

S
S

Mttty Gy

stmg
stmg
stmg
stmg
stmg

exp,
exp,
exp,

exp,

update(c, Z[ID], E[exp,]o)
S[stme](S[stmy]o)
= ifnz(f[[egpl]]cr, S[stmi]o, S[stmz]o)
= Y (\f.Xo.ifnz(E]exp, o, f (S[stmi]o), o))
N [nuM]
o(Z]1D])
plus(£[exps]o, £[xps]o)
= E[exp,

g
g
g

g
g
g



Continuations

Types:
V = Int
Ide = Identifiers
c:8 = Ide—V
A = Answers
0:C = S— A
Exp = S—>V
Stm = C—C
Prog = A
New ideas:
e answers

e continuations (something like labels)

Functions and Values:

plus (VxV)=>V
upds (SxIdex V)= S
ifnz : (VxAxA)— S
done : (o

09 : S

T: ID — Ide

N: NM—>V

& exp — Exp

S stm — Stm

P: prog — Prog

Grammar rules and semantic equations:

prog = stm Plprogy] = S[stmi1] doneog

stm = ID := exp S[stmg]é = Ao.0(upds(o, Z[ID], £[exp,]0))

stm = stm ; stm S[stmp]f = S[stm1](S[stmz]0)

stm = IF exp THEN stm ELSE stm S[stmg]0 = Ao.ifnz(E[exp, o, S[stmy ][00, S[stmz]00)
exp = NUM Elexpglo = N[NUM]

exp = ID Elexpy]o = o(Z]ID])

exp = exp + exp Elexpylo = plus(E[exp,]o, E[exp,]o)

exp = ( exp ) E[expo] = Eexp,]
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Expression Continuations

Types:

New idea: expression appears in a context, which expects a value

V = Int
Ide = Identifiers
c:8 = Ide—>V
A = Answers
0:C = S—A
k: K = V->C
Exp = K- C
Stm = C—C
Prog = A

plus:

upd :

ifnz :

done :

error :

VoINS

(VxV)=>V
(SxIdex V)— S
(VxAxA)—S
VA

A

S

ID — Ide
NUM — V
exp — Exp
stm — Stm
prog — Prog

Grammar rules and semantic equations:

prog = stm

stm = RETURN exp S

stm = stm ; stm S
exp = (stm; exp) &
exp = NUM &
exp = ID &

exp = exp + exp &
exp = ( exp ) ot

stmg
stmg

exp,
exp,
exp,
exp,
exp,

Plprog,] = S[stmy](Ao.error)oq
stm= ID := exp S[stmg]d = E[exp,](Av.Ao.0(upd(c,Z[ID], v)))

0= 5|[exp1]]g>\v.)\a.d0ne(v))
0 = S[stm1](S[stm2]6)

xR EI X

S[stmy](E[expy]x)
k(N [NUM])
Ao.k(o(Z[ID]))o

E[exp,]
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Functions:

Elexp,](Av1.E[exp,y](Av2.k(plus(ve, v2))))



raise and handle

V = Int
Ide = Identifiers
S = Ide—V
A = Answers
C = S—-A
K = V->C
Exp = KK~ C
Stm = C—->K-—~>C
Prog A

New idea: each statement & expression takes two continuations:
e normal termination

e terminate by raising an exception

Functions:
plus : (VxV)>V
upd : (SxIdex V)— S
ifnz : (VxAxA)—S
done : VoA
error : A
0o : S
I: ID — Ide
N : NUM - V
E: exp — Exp
S: stm — Stm
P: prog — Prog

Grammar rules and semantic equations:

Plprogy] = S[stmi](Ao.error, Av.\o.error)og
S[stmg]0rr = E[exp,](Av.A0.0(upd (o, I[ID], v)))ks

prog = stm

stm = ID := exp

stm = RETURN exp S[stmg]fxr = E[exp,](Av.Ao.done(v))kn

stm = stm ; stm  S[stmgfxr = S[stm](S[stmz]0kn)kn

exp = (stm; exp) E[expglrkn = S[stm](E[exp,]kkn)kn

exp = NUM Elexpy]rkn = K(N[NUM])

exp = ID Elexpy]kkn = Ao.k(o(Z[ID]))o

exp = exp + exp  E[expylrkn = E[exp,](A\v1.E[exp,](Avz.k(plus(ve, v2)))kn) K
exp = ( exp ) Elexpgy] = Elexp,]

exp = handle exp E[expglrkn = E[expy ]k

exp = raise exp  E[expglrkn = E[exp,]knkn
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Gotos and Labels
Types:

Ide
c: 8

6:C
p: Env
Ezxp
Stm
Prog

Int

Identifiers

Ide -V

Answers

S— A

Ide - C

SV

Env — C — (Env x C)
A

New idea: a label is a continuation
(needs fixed point)  Functions and Values:

plus: (VxV)=>V
upds : (SxIdex V)— S
upde : (Env x Ide x C) — Env
ifnz : (VxAxA)—> S
snd (Envx C)— C
done C
g - S
T: ID — Ide
N: NM—>V
E: exp — Exp
S: stm — Stm
P prog — Prog
Grammar rules and semantic equations:
prog = stm Plprogg] = snd(Y (A(p,0).S[[stm1]p done))og
stm = ID := exp S[stmp]pb = (p, A\o.0(upds(o, Z[ID], E[exp,]o)))
stm = ID: S[stmp]pb = (upde(p,Z[ID],6), )
stm = stm ; stm S[stmg]pf = uncurry(S[stm])(S[stmz]pd)
stm = IF exp GOTO ID S[stmg]pd = (p, Ao.ifnz(E[exp,]o, p(Z[ID])o, 60))
exp = NUM E[expy]o = NNUM]
exp = ID Elexpgy]o = o(Z]ID])
exp = exp + exp Elexpgy]o = plus(E[exp,]o, E[exp,]o)
exp = ( exp ) Elexpo] = E[exp,]
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Scheme-0

Types:
V = INT of Int +FN of (K — K)
Ide = Identifiers
Env = Ide—>V
A = Answers
C = S—A
K = V->C
Exp = Env—- K-~ C
Prog A
New idea: functions as values
Functions:
plus : (Int x Int) — Int
upd : (Env x Ide x V) — Env
done : K
print : V - (C — K)
09 : S
Po : Env
I: ID — Ide
N NUM—» V
E: exp — Exp
P: prog — Prog

Grammar rules and semantic equations:

prog = exp Plprogy] = E[exp,]po done og
exp = NUM Eexpolpr = K(NNUM])
exp = T lexpolon = r(p(Z]10]))

exp = (exp exp) E[expo]pr = E[exp,|p(AFN(f).E[exp,]p(f k))

exp = (lambda (ID) exp) £[expylprk = K(FN(Ak2.Av.E]exp,](upd(p, Z[ID], v))k2))

exp = + Elexpolpk = K(FN(Ak1.AINT (41).k1 (FN(Ak2 AINT(42).k2 (INT(plus(iy, 32)))))))
exp = PRINT Elexpo]pk = K(FN(Ak1.A\v1.printvq (k1v1)))
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Continuation-passing style

Direct style:

fun fact n =
let fun f (i, p) =
if i = O then p else f (i-1, i*p)
in f(n, 1)
end

Continuation-passing style:

fun £ (i, p) k =
eqi0 (fn O => k p)
(fn O =>
times i p (fn p =>
minus i 1 (fn i =>
f (i, p) (fn x => k x))))
fun fact n k =
f (n, 1) (fn x => k x)
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